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Abstract
We study the existence of nontrivial nonlocal nonnegative solutions u(x, t) of the nonlinear
initial value problems {
(∂t −∆)αu ≥ uλ in Rn × R, n ≥ 1
u = 0 in Rn × (−∞, 0)
and
{
C1u
λ ≤ (∂t −∆)αu ≤ C2uλ in Rn × R, n ≥ 1
u = 0 in Rn × (−∞, 0),
where λ, α, C1, and C2 are positive constants with C1 < C2. We use the definition of the
fractional heat operator (∂t − ∆)α given in [31] and compare our results in the classical case
α = 1 to known results.
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1 Introduction
In this paper we study the existence of nontrivial nonlocal nonnegative solutions u(x, t) of the
nonlinear initial value problems
{
(∂t −∆)αu ≥ uλ in Rn ×R, n ≥ 1 (1.1)
u = 0 in Rn × (−∞, 0) (1.2)
and
{
C1u
λ ≤ (∂t −∆)αu ≤ C2uλ in Rn × R, n ≥ 1 (1.3)
u = 0 in Rn × (−∞, 0), (1.4)
where λ, α,C1, and C2 are positive constants with C1 < C2.
For a discussion of where the nonlocal fractional heat operator (∂t−∆)α, α > 0, arises naturally
in applications, please see [23, 28].
For each of the problems (1.1), (1.2) and (1.3), (1.4), we compare our results in the classical
case α = 1 to known results. Specifically, our result Theorem 2.1 in Section 2.1 for the problem
(1.1), (1.2) implies
1
(i) when λ > 1 the existence of a critical exponent λ0(n, α) > 1 for the nonexistence of nontrivial
nonnegative solutions of the problem (1.1), (1.2), which agrees with the well-known Fujita
exponent λF = 1 + 2/n when α = 1 (see Remark 2.1) and
(ii) when 0 < λ < 1 a nonexistence result for nontrivial nonnegative solutions of the problem
(1.1), (1.2) which when α = 1 is similar to a result in [2] (see Section 2.1).
Similarly, our result Theorem 2.2 in Section 2.2 for the problem (1.3), (1.4) implies when λ > 1
the existence of a critical exponent λ1(n, α) > 1 for the existence of nontrivial nonnegative solutions
of the problem (1.3), (1.4) which agrees when α = 1 with a critical exponent in [16] for the existence
of self-similar solutions of the problem
{
(∂t −∆)αu = uλ in Rn ×R, n ≥ 1 (1.5)
u = 0 in Rn × (−∞, 0) (1.6)
when α = 1 (see Section 2.2).
In order to complement our results for the two problems (1.1), (1.2) and (1.3), (1.4), we recall in
Section 2.3 our result in [31] dealing with the existence of nontrivial nonlocal nonnegative solutions
of the initial value problem{
0 ≤ (∂t −∆)αu ≤ uλ in Rn × R, n ≥ 1 (1.7)
u = 0 in Rn × (−∞, 0). (1.8)
We refer to the four problems (1.1, 1.2), (1.3, 1.4), (1.5, 1.6), and (1.7, 1.8) as the super problem,
approximate problem, exact problem, and sub problem, respectively.
As in [31], we define the fully fractional nonlocal heat operator
(∂t −∆)α : Y pα → Xp (1.9)
for (
p > 1 and 0 < α <
n+ 2
2p
)
or
(
p = 1 and 0 < α ≤ n+ 2
2p
)
(1.10)
as the inverse of the operator
Jα : X
p → Y pα (1.11)
where
Xp :=
⋂
T∈R
Lp(Rn × RT ), RT := (−∞, T ), (1.12)
Jαf(x, t) :=
∫∫
Rn×Rt
Φα(x− ξ, t− τ)f(ξ, τ) dξ dτ (1.13)
and
Y pα := Jα(X
p). (1.14)
By (1.12) we mean Xp is the set of all measurable functions f : Rn × R→ R such that
‖f‖Lp(Rn×RT ) <∞ for all T ∈ R.
In the definition (1.13) of Jα,
Φα(x, t) :=
tα−1
Γ(α)
1
(4pit)n/2
e−|x|
2/(4t)χ
(0,∞)(t) (1.15)
2
is the fractional heat kernel.
When p and α satisfy (1.10), it was shown in [31] that the operator (1.11) has the following
properties:
(P1) it makes sense because Jαf ∈ Lploc(Rn × R) for f ∈ Xp,
(P2) it is one-to-one and onto, and
(P3) if f ∈ Xp and u = Jαf then f = 0 in Rn × (−∞, 0) if and only if u = 0 in Rn × (−∞, 0).
By properties (P1) and (P2) we can indeed define (1.9) as the inverse of (1.11) when p and α satisfy
(1.10). Property (P3) will be needed to handle the initial condition u = 0 in the above initial value
problems.
Motivation for the above definition of (1.9) along with some more of its properties can be found
in [31].
Stinga and Torrea [28] (see also Nystro¨m and Sande [23]) gave an alternate definition of the
fractional nonlocal heat operator
(∂t −∆)α : U → V,
which agrees with our definition (1.9) on the intersection U ∩ Y pα of their domains. Functions
u : Rn × R → R in U are required to be bounded and sufficiently smooth. Their definition, unlike
ours, is well suited for studying the Dirichlet problem for
(∂t −∆)αu = f in Ω× (0, T ) (1.16)
where Ω ⊂ Rn is a bounded domain. However our definition seems more suited for studying (1.16)
when Ω = Rn and T = ∞ because functions in Y pα can be discontinuous and locally unbounded,
which allows for a greater variety of solutions of (1.16).
The operator (1.9) is a fully fractional heat operator as opposed to time fractional heat operators
in which the fractional derivatives are only with respect to t, and space fractional heat operators,
in which the fractional derivatives are only with respect to x.
Some recent results for nonlinear PDEs containing time (resp. space) fractional heat operators
can be found in [3, 5, 6, 11, 18, 19, 20, 24, 29, 35, 36] (resp. [1, 4, 8, 9, 10, 14, 15, 17, 22, 25, 30, 32,
33, 34]). Except for [31], we know of no results for nonlinear PDEs containing the fully fractional
heat operator (∂t − ∆)α. However results for linear PDEs containing this operator, including in
particular
(∂t −∆)αu = f,
where f is a given function, can be found in [7, 23, 27, 28].
2 Statement and relevance of results
In this section we state our results and relate them to results in [2, 13, 16, 31]. In order to do
this, we first note that for each fixed p ≥ 1 the open first quadrant of the λα-plane is the union of
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Figure 1: Graphs of the sets A, B, C, D, and E.
the following pairwise disjoint sets which are graphed in Figure 1:
A := {(λ, α) : 0 < λ < 1 and α > 0},
B := {(λ, α) : λ = 1 and α > 0},
C :=
{
(λ, α) : λ > 1 and α ≥ n+ 2
2
(
1− 1
λ
)}
,
D :=
{
(λ, α) : λ > 1 and
n+ 2
2p
(
1− 1
λ
)
≤ α < n+ 2
2
(
1− 1
λ
)}
,
E :=
{
(λ, α) : λ > 1 and 0 < α <
n+ 2
2p
(
1− 1
λ
)}
.
Note that if p = 1 then D = ∅.
2.1 The super problem
Our result for the super problem (1.1), (1.2) is the following.
Theorem 2.1. Suppose α and p satisfy (1.10) and λ > 0. Then the super problem (1.1), (1.2) has
a nontrivial nonnegative solution u ∈ Y pα if and only if
(λ, α) ∈ B ∪D ∪ E.
An immediate consequence of Theorem 2.1 is the following corollary.
Corollary 2.1. Suppose α and p satisfy (1.10) and 0 < λ < 1. Then the only nonnegative solution
u ∈ Y pα of the super problem (1.1), (1.2) is the trivial solution u ≡ 0.
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A result similar to Corollary 2.1 when α = 1 was proved in [2] for mild nonnegative super
solutions of the initial value problem
(∂t −∆)u = uλ in Rn × (0,∞)
u(x, 0) = u0(x) for x ∈ Rn,
where 0 < λ < 1.
Since (1.10) holds when p = 1 and 0 < α ≤ (n+ 2)/2 and since (λ, α) ∈ D ∪E if and only if
0 < α <
n+ 2
2
and λ > λ0(n, α) := 1 +
2α
n+ 2− 2α
(see Figure 1), we obtain also from Theorem 2.1 the following result.
Corollary 2.2. Suppose 0 < α ≤ (n + 2)/2 and λ > 1. Then the super problem (1.1), (1.2) has a
nontrivial nonnegative solution u ∈ Y 1α if and only if
α 6= (n + 2)/2 and λ > λ0(n, α).
For comparison with Corollary 2.2, we recall the famous Fujita result [13], the following improved
version of which appears in [26, Theorem 18.1].
Theorem A. If 1 < λ ≤ 1 + 2/n then the only nonnegative solution u ∈ Lλ
loc
(Rn × (0,∞)) of the
inequality
(∂t −∆)u ≥ uλ in D′(Rn × (0,∞))
is the trivial solution u ≡ 0.
Remark 2.1. Since λ0(n, 1) = 1 + 2/n, we see that Corollary 2.2 can be viewed as a fractional
nonlocal version of Theorem A and λ0(n, α) for 0 < α < (n + 2)/2 can be viewed as the critical
exponent of Fujita type for nonnegative solutions u ∈ Y 1α of the super problem (1.1), (1.2).
For the proof of Theorem 2.1 we will need the following lemma of independent interest which
gives in particular conditions for the nonexistence of nontrivial nonnegative solutions of
(∂t −∆)mu ≥ uλ in D′(Rn × (0,∞))
where m is a positive integer.
Lemma 2.1. Suppose m is a positive integer,
K > 0, (λ, α) ∈ C, α ≤ m, (2.1)
and u ∈ Lλ
loc
(Rn × (0,∞)) is a nonnegative solution of
(∂t −∆)mu ≥ (K(t+ 1)−(m−α)u)λ in D′(Rn × (0,∞)) (2.2)
such that
(∂t −∆)ju ∈ L1loc(Rn × (0,∞)), j = 1, 2, ...,m − 1 (2.3)
and
(∂t −∆)ju ≥ 0, j = 1, 2, ...,m − 1. (2.4)
Then
u = 0 in D′(Rn × (0,∞)). (2.5)
Remark 2.2. Since (λ, 1) ∈ C if and only if 1 < λ ≤ 1+2/n, we see that a consequence of Lemma
2.1 with m = α = K = 1 is Theorem A.
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2.2 The approximate and exact problems
If u ∈ Y pα , where α and p satisfy (1.10), is a solution of the exact problem (1.5), (1.6) then for
all β > 0 so is
uβ(x, t) := β
− 2α
λ−1u(x/β, t/β2). (2.6)
If, in addition, u is self-similar, that is uβ = u for all β > 0, then substituting β =
√
t, t > 0, in
(2.6), we see that
u(x, t) =
{
t−
α
λ−1u(x/
√
t, 1) for (x, t) ∈ Rn × (0,∞)
0 for (x, t) ∈ Rn × (−∞, 0]. (2.7)
Moreover, any function u satisfying (2.7) is self-similar. Inspired by [16], we will seek in this section
solutions of the approximate problem (1.3), (1.4) of the form (2.7).
We have no results for solutions u ∈ Y pα of the approximate problem (1.3), (1.4) when p > 1
and (λ, α) lies in the curve
α =
n+ 2
2p
(
1− 1
λ
)
, 1 < λ <∞, (2.8)
which is graphed in Figure 1. Otherwise we have the following result.
Theorem 2.2. Suppose λ > 0 and either
(i) α and p satisfy (1.10)2, or
(ii) α and p satisfy (1.10)1 and the point (λ, α) does not lie on the curve (2.8).
Then there exist positive constants C1 and C2 such that the approximate problem (1.3), (1.4) has a
nontrivial nonnegative solution u ∈ Y pα if and only if
(λ, α) ∈ E.
In this case, such a solution is given by
u(x, t) =
{
t−
α
λ−1wα(x/
√
t) for (x, t) ∈ Rn × (0,∞)
0 for (x, t) ∈ Rn × (−∞, 0] (2.9)
where
wα(z) = e
− |z|2
4 (|z|2 + 1)−(n+22 − αλλ−1 ) for z ∈ Rn. (2.10)
An immediate consequence of Theorem 2.2 is the following corollary.
Corollary 2.3. Suppose
p ≥ 1, 0 < α < n+ 2
2p
, and λ >
n+ 2
n+ 2− 2pα. (2.11)
Then there exist positive constants C1 and C2 such that a nontrivial nonnegative solution u ∈ Y pα
of the approximate problem (1.3), (1.4) is given by (2.9) where wα is defined in (2.10).
Since the conditions (2.11) hold if
α = 1, 1 ≤ p < n+ 2
2
, and λ >
n+ 2
n+ 2− 2p,
we see that Corollary 2.3 can be viewed as an α 6= 1 version of the following α = 1 result in [16]
for the exact problem (1.5), (1.6).
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Theorem B ([16]). Suppose
1 ≤ p < n+ 2
2
and
n+ 2
n+ 2− 2p < λ <
{
n+2
n−2 if n ≥ 3
∞ if n = 1 or 2.
Then a nontrivial nonnegative solution u ∈ Y p1 of the exact problem (1.5), (1.6) with α = 1 is given
by
u(x, t) =
{
t−
1
λ−1w(x/
√
t) for (x, t) ∈ Rn × (0,∞)
0 for (x, t) ∈ Rn × (−∞, 0] (2.12)
for some positive radial function w : Rn → R such that
w(z)
w1(z)
is bounded between positive constants on Rn
where wα is defined in (2.10).
We have no results for the exact problem, but Corollary 2.3 and Theorem B motivate the
following open question.
Open question. Suppose α and p satisfy (1.10) so that the operator (1.9) is defined. For what
λ > 0 does there exist a nontrivial nonnegative solution u ∈ Y pα of the exact problem (1.5), (1.6)?
Since any solution of the exact problem (1.5), (1.6) is also a solution of the approximate problem
(1.3), (1.4), it follows from Theorem 2.2 that a necessary condition on λ is that either p > 1 and
(λ, α) lies on the curve (2.8) or (λ, α) ∈ E (see Figure 1).
2.3 The sub problem
We have no results for solutions u ∈ Y pα of the sub problem (1.7), (1.8) when p ≥ 1 and the
point (λ, α) lies on the curve (2.8). Otherwise we have the following result from [31].
Theorem 2.3. Suppose α and p satisfy (1.10), λ > 0, and the point (λ, α) does not lie on the
curve (2.8). Then the sub problem (1.7), (1.8) has a nontrivial nonnegative solution u ∈ Y pα if and
only if
(λ, α) ∈ A ∪ E.
3 Jα version of results
We define the Jα versions of the super, approximate, exact, and sub problems in Section 1 to
be respectively the problems
{
f ≥ (Jαf)λ in Rn × R (3.1)
f = 0 in Rn × (−∞, 0); (3.2)
{
C1f ≤ (Jαf)λ ≤ C2f in Rn × R (3.3)
f = 0 in Rn × (−∞, 0); (3.4)
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{
f = (Jαf)
λ in Rn × R (3.5)
f = 0 in Rn × (−∞, 0); (3.6)
and
{
0 ≤ f ≤ (Jαf)λ in Rn × R (3.7)
f = 0 in Rn × (−∞, 0); (3.8)
which we will refer to respectively as the super Jα problem, approximate Jα problem, exact Jα
problem, and sub Jα problem (or collectively as the Jα problems).
If α and p satisfy (1.10) and λ > 0 then by properties (P1)–(P3) in Section 1 of Jα and the
definition of the fractional heat operator (1.9), u is a nonnegative solution in Y pα of the super
(approximate, exact, sub) problem in Section 1 if and only if
f := (∂t −∆)αu
is a nonnegative solution in Xp of the super (approximate, exact, sub) Jα problem in this section.
(However, the positive constants C1 and C2 in (1.3), (1.4) may be different than the positive
constants C1 and C2 in (3.3), (3.4).)
Since we will only consider solutions f of the Jα problems which are nonnegative on R
n × R,
Jαf in these problems will always be a well-defined nonnegative extended real valued function on
R
n × R even when the condition (1.10) is replace with the weaker condition that
p ∈ [1,∞) and α > 0. (3.9)
Hence in this section we study the Jα problems with condition (1.10) replaced with (3.9). However
our results in this section for the Jα problems will only yield corresponding results for the original
versions of these problems in Section 1 when (1.10) holds, for otherwise the fractional heat operators
in these original problems are not defined. (For a more detailed discussion of the properties of Jα
when (1.10) does not hold see [31, Section 4].)
Under the equivalence discussed above of the Jα problems and original versions of these problems
in Section 1, the following Theorems 3.1–3.3, when restricted to the case that (1.10) holds, clearly
imply Theorem 2.1–2.3 respectively.
Theorem 3.1. Suppose p and α satisfy (3.9) and λ > 0. Then the super Jα problem (3.1), (3.2)
has a nontrivial nonnegative solution f ∈ Xp if and only if
(λ, α) ∈ B ∪D ∪ E.
Theorem 3.2. Suppose λ, α > 0 and either
(i) p = 1 or
(ii) p ∈ (1,∞) and the point (λ, α) does not lie of the curve (2.8).
Then there exist positive constants C1 and C2 such that the approximate Jα problem (3.3), (3.4)
has a nontrivial nonnegative solution f ∈ Xp if and only if
(λ, α) ∈ E.
In this case, such a solution is given by f = uλ, where u is defined by 2.9.
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Theorem 3.3. Suppose α and p satisfy (3.9), λ > 0, and the point (λ, α) does not lie on the curve
(2.8). Then the sub Jα problem (3.7), (3.8) has a nontrivial nonnegative solution f ∈ Xp if and
only if
(λ, α) ∈ A ∪ E.
We will prove Theorems 3.1 and 3.2 in Section 5. We proved Theorem 3.3 in [31].
4 Preliminary results
In this section we provide some remarks and lemmas needed for the proofs of our results in
Section 3 dealing with solutions of the super Jα problem (3.1), (3.2) and the approximate Jα
problem (3.3), (3.4).
Lemma 4.1. Suppose α, β ∈ (0,∞), x ∈ Rn, and 0 < τ < t. Then∫
Rn
Φα(x− ξ, t− τ)Φβ(ξ, τ) dξ = (t− τ)
α−1τβ−1
Γ(α)Γ(β)
Φ1(x, t). (4.1)
Proof. Denote the left side of (4.1) by h(x, t, τ). Using the convolution theorem and the well-known
fact that the Fourier transform with respect to x of Φα(x, t) is given by
Φˆα(·, t)(y) = t
α−1
Γ(α)
e−t|y|
2
for t > 0 and y ∈ Rn, (4.2)
we find for 0 < τ < t that
hˆ(·, t, τ)(y) =
(
(t− τ)α−1
Γ(α)
e−(t−τ)|y|
2
)(
τβ−1
Γ(β)
e−τ |y|
2
)
=
(t− τ)α−1τβ−1
Γ(α)Γ(β)
e−t|y|
2
=
(t− τ)α−1τβ−1
Γ(α)Γ(β)
Φˆ1(·, t)(y)
which proves (4.1).
Lemma 4.2. Suppose λ, α, T ∈ (0,∞), p ∈ [1,∞], and
f(x, t) = g(x, t + T )χ[0,∞)(t) for (x, t) ∈ Rn × R
where g : Rn × R→ [0,∞) is a measurable function such that
‖g‖Lp(Rn×(T,Tˆ )) <∞ for all Tˆ > T (4.3)
and
g ≥ (Jαg)λ in Rn × R. (4.4)
Then f ∈ Xp and f is a solution of the super Jα problem (3.1), (3.2).
Proof. For t > 0 we have
‖f‖Lp(Rn×(−∞,t)) = ‖f‖Lp(Rn×(0,t))
= ‖g‖Lp(Rn×(T,t+T )) <∞
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by (4.3). Thus f ∈ Xp.
Clearly f satisfies (3.2). Since (3.1) clearly holds in Rn× (−∞, 0], it remains only to prove (3.1)
holds in Rn × (0,∞).
For (x, t) ∈ Rn × (0,∞) we find from (4.4) that
(Jαf)(x, t) =
∫ t
0
∫
Rn
Φα(x− ξ, t− τ)g(ξ, τ + T ) dξ dτ
=
∫ tˆ
T
∫
Rn
Φα(x− ξ, tˆ− τˆ)g(ξ, τˆ ) dξ dτˆ where tˆ = t+ T and τˆ = τ + T
≤
∫ tˆ
−∞
∫
Rn
Φα(x− ξ, tˆ− τˆ)g(ξ, τˆ ) dξ dτˆ
= (Jαg)(x, tˆ)
≤ g(x, tˆ)1/λ
= g(x, t+ T )1/λ = f(x, t)1/λ.
Thus (3.1) holds in Rn × (0,∞).
Remark 4.1. Note for use in Lemma 4.2 that if
0 ≤ g(x, t) ≤ ψ(t)Φβ(x, t) for (x, t) ∈ Rn × R
where β ∈ (0,∞) and ψ : R→ [0,∞) is a continuous function then for 0 < T < Tˆ <∞ we have
‖g‖L∞(Rn×(T,Tˆ )) <∞
and for p ∈ [1,∞)
‖g‖p
Lp(Rn×(T,Tˆ )) ≤
∫ Tˆ
T
ψ(t)p
(
tβ−1−n/2
Γ(β)(4pi)n/2
)p(∫
Rn
e
−p|x|2
4t dx
)
dt
≤ (Tˆ − T ) max
T≤t≤Tˆ
ψ(t)p
(
tβ−1−n/2
Γ(β)(4pi)n/2
)p ∫
Rn
e
−p|x|2
4Tˆ dx <∞.
Thus g satisfies (4.3).
Our proof of Lemma 2.1 is a modification of [26, Proof of Theorem 18.1(i)] and in particular
requires the following lemma. See [26, pages 101-102] for its proof.
Lemma 4.3. Suppose v, f ∈ L1
loc
(Rn × (0,∞)) are nonnegative functions such that
(∂t −∆)v ≥ f in D′(Rn × (0,∞)).
Let
ϕ ∈ C∞0 (B1(0)) and ψ ∈ C∞0 ((−1, 1))
be nonnegative functions such that
ϕ = 1 in B1/2(0), ψ = 1 in [0, 1/2), and ϕ,ψ ≤ 1.
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For R > 1, β > 2, and t0 > 0 define
ϕR(x) = ϕ
( x
R
)β
for x ∈ Rn
and
ψR(t) = ψ
(
t− t0
R2
)β
for t ≥ t0.
Then ∫ ∞
t0
∫
Rn
fϕRψR dx dt ≤ C
R2
∫∫
QR
v(ϕRψR)
β−2
β dx dt
where C > 0 does not depend on R and
QR = (BR(0)× (t0, t0 +R2))\(BR/2(0) × (t0, t0 +R2/2)). (4.5)
Proof of Lemma 2.1. For R > 1, γ > 2m, and t0 > 0 define
ϕR(x) = ϕ
( x
R
)γ
and ψR(t) = ψ
(
t− t0
R2
)γ
for x ∈ Rn and t ≥ t0 where ϕ and ψ are as in Lemma 4.3. Let f0(x, t) be the function on the right
side of (2.2).
For j = 1, ...,m we claim that
∫ ∞
t0
∫
Rn
f0ϕRψR dx dt ≤
(
C
R2
)j ∫∫
QR
(Hm−ju)(ϕRψR)
γ−2j
γ dx dt (4.6)
where H = ∂t −∆, C > 0 does not depend on R, and QR is defined in (4.5).
Inequality (4.6) holds for j = 1 by (2.2)–(2.4) and Lemma 4.3 with v = Hm−1u and f = f0.
Suppose inductively that (4.6) is true for some integer j ∈ [1,m− 1]. Let
ϕˆR(x) := ϕR(x)
γ−2j
γ = ϕ
( x
R
)γ−2j
for x ∈ Rn
and
ψˆR(t) := ψR(t)
γ−2j
γ = ψ
(
t− t0
R2
)γ−2j
for t ≥ t0.
Then using the inductive assumption, (2.3), (2.4), and Lemma 4.3 with
f = Hm−ju, v = Hm−j−1u, and β = γ − 2j,
we find that ∫ ∞
t0
∫
Rn
f0ϕRψR dx dt ≤
(
C
R2
)j ∫ ∞
t0
∫
Rn
(Hm−ju)ϕˆRψˆR dx dt
≤
(
C
R2
)j [( C
R2
)∫∫
QR
(Hm−j−1u)(ϕˆRψˆR)
γ−2j−2
γ−2j dx dt
]
=
(
C
R2
)j+1 ∫∫
QR
(Hm−(j+1)u)(ϕRψR)
γ−2(j+1)
γ dx dt
which completes the inductive proof of (4.6) for j = 1, 2, ...,m.
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Taking j = m in (4.6), defining γ > 2m and λ′ > 1 by
2m
γ
=
1
λ′
= 1− 1
λ
,
and using Ho¨lder’s inequality, we have∫ ∞
t0
∫
Rn
((t+ 1)−(m−α)u)λϕRψR dx dt
≤ C
R2m
∫∫
QR
u(ϕRψR)
γ−2m
γ
= 1
λ
=
C
R2m
∫∫
QR
(t+ 1)m−α(t+ 1)−(m−α)u(ϕRψR)
1
λ dx dt
≤ C
R2m
I(R)
(∫∫
QR
((t+ 1)−(m−α)u)λϕRψR dx dt
)1/λ
where
I(R) =
(∫ t0+R2
t0
∫
|x|<R
(t+ 1)λ
′(m−α) dx dt
)1/λ′
≤ C(Rn+2R2λ′(m−α))1/λ′ by (2.1)
= C R
n+2
λ′ +2(m−α).
Hence∫ ∞
t0
∫
Rn
((t+ 1)−(m−α)u)λϕRψR dx dt ≤ CR
n+2
λ′ −2α
(∫∫
QR
((t+ 1)−(m−α)u)λ(ϕRψR) dx dt
)1/λ
(4.7)
which implies ∫ ∞
t0
∫
Rn
((t+ 1)−(m−α)u)λϕRψR dx dt ≤ CR(
n+2
λ′ −2α)λ′ . (4.8)
By (2.1), 2α ≥ (n+ 2)/λ′. Hence, sending R to ∞ in (4.8) we find that∫ ∞
t0
∫
Rn
((t+ 1)−(m−α)u)λ dx dt <∞,
which implies the integral on the right side of (4.7) tends to zero as R→∞. Thus sending R to ∞
in (4.7) yields u = 0 in Rn× (t0,∞). Hence, since t0 > 0 was arbitrary, we see that (2.5) holds.
Lemma 4.4. Suppose p ∈ [1,∞) and f ∈ Xp is a nonnegative function satisfying (3.2). Then
Jαf ∈ L1loc(Rn × (0,∞)) for α > 0, (4.9)
HJαf = Jα−1f in D′(Rn × (0,∞)) for α > 1, (4.10)
and
HJ1f = f in D′(Rn × (0,∞)), (4.11)
where H = ∂t −∆.
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Proof. We will need the following easily-verified and/or well-known facts:
(i) ∫∫
Rn×R
Φ1(x− ξ, t− τ)H∗ϕ(x, t)dxdt = ϕ(ξ, τ) (4.12)
for ϕ ∈ C∞0 (Rn × R) where H∗ = ∂t +∆; and
(ii) ∫ b
0
∫
Bb(0)
Φα(x− ξ, t− τ)dxdt ∈ Lq(Rn × (0, b)) (4.13)
for b, α ∈ (0,∞) and q ∈ [1,∞].
To prove (4.9), let b, α ∈ (0,∞). Then by (4.13) and Ho¨lder’s inequality we have
∫ b
0
∫
Bb(0)
Jαf dxdt
=
∫ b
0
∫
Bb(0)
∫ b
0
∫
Rn
Φα(x− ξ, t− τ)f(ξ, τ)dξdτ dxdt
=
∫ b
0
∫
Rn
f(ξ, τ)
(∫ b
0
∫
Bb(0)
Φα(x− ξ, t− τ)dxdt
)
dξdτ <∞.
Thus (4.9) holds.
To prove (4.10), suppose β, γ ∈ (0,∞), β + γ = α > 1, and ϕ ∈ C∞0 (Rn × (0,∞)). Then
assuming we can interchange the order of integration in the following calculation (we will justify
this after the calculation) and using the fact that Φβ ∗Φγ = Φα (see [31, Lemma 5.1]), we find that
(HJαf)ϕ = Jαf(H
∗ϕ) = (Φα ∗ f)(H∗ϕ)
= (Φβ ∗ Φγ ∗ f)(H∗ϕ)
=
∫∫ ∫∫
Φγ(η − ξ, ζ − τ)f(ξ, τ)
∫∫
Φβ(x− η, t− ζ)H∗ϕ(x, t) dxdt dξdτ dηdζ
=
∫∫
Jγf(η, ζ)
(∫∫
Φβ(x− η, t− ζ)H∗ϕ(x, t) dxdt
)
dηdζ. (4.14)
Taking β = 1 and γ = α− 1 in (4.14) and using (4.12) we find that
(HJαf)ϕ = (Jα−1f)(ϕ).
Hence (4.10) holds provided we justify the calculation (4.14) by verifying∫∫
(Φα ∗ f)|H∗ϕ| <∞. (4.15)
To do this, choose b > 0 such that suppt ϕ ⊂ Bb(0) × (0, b) and repeat the calculation (4.14) with
β = α− 1 and γ = 1, and with H∗ϕ replaced with |H∗ϕ| to obtain
∫∫
(Φα ∗f)|H∗ϕ| =
∫ b
0
∫
Rn
J1f(η, ζ)
(∫ b
0
∫
Bb(0)
Φα−1(x− η, t− ζ)|H∗ϕ(x, t)|dxdt
)
dηdζ. (4.16)
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Choose p′ ∈ (1,∞) such that 0 < 1p − 1p′ < 2n+2 . Then by [31, Lemma 7.2], J1f ∈ Lp
′
(Rn × (0, b)).
Hence (4.15) follows from (4.13), (4.16), and Ho¨lder’s inequality.
To prove (4.11), let ϕ ∈ C∞0 (Rn× (0,∞)). Then using (4.12) and assuming we can interchange
the order of integration we see that
H(J1f)ϕ = (J1f)(H
∗ϕ) = (Φ1 ∗ f)(H∗ϕ)
=
∫∫ (∫∫
Φ1(x− ξ, t− τ)H∗ϕ(x, t)dxdt
)
f(ξ, τ)dξdτ
= f(ϕ).
Thus (4.11) holds because interchanging the order of integration is validated by using (4.13) and
Ho¨lder’s inequality as in the proof of (4.15).
Lemma 4.5 ([31], Lemma 7.4). Suppose x ∈ Rn and t, τ ∈ (0,∞) satisfy
|x|2 < t and t
4
< τ <
3t
4
. (4.17)
Then ∫
|ξ|2<τ
Φ1(x− ξ, t− τ) dξ ≥ C(n) > 0
where Φα is defined by (1.15).
5 Proof Theorems 3.1 and 3.2
In this section we prove Theorems 3.1 and 3.2.
Theorem 3.1 is a consequence of the following Theorems 5.1–5.4 because Theorem 5.1 (5.2, 5.3,
5.4) guarantees under the assumption on p, α, and λ in Theorem 3.1 the nonexistence (existence,
nonexistence, existence) of nontrivial nonnegative solutions f ∈ Xp of the super Jα problem (3.1),
(3.2) when (λ, α) ∈ A(B,C,D ∪E).
Theorem 5.1. Suppose f : Rn × R → [0,∞) is a measurable solution of the super Jα problem
(3.1), (3.2) where λ ∈ (0, 1) and α ∈ (0,∞) are constants. Then either
f = 0 a.e. in Rn × R (5.1)
or there exists a ∈ [0,∞) such that
f = 0 a.e. in Rn × (−∞, a), (5.2)
f(x, t) ≥ (M(t− a)α) λ1−λ a.e. in Rn × (a,∞), (5.3)
and
(Jαf)(x, t) ≥ (M(t− a)α)
1
1−λ a.e. in Rn × (a,∞) (5.4)
where
M =M(λ, α) =
Γ
(
λα
1−λ + 1
)
Γ
(
α+ λα1−λ + 1
) (5.5)
where Γ is the Gamma function.
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Proof. Let
a = sup{t ∈ R : ‖f‖L∞(Rn×(−∞,t)) = 0}. (5.6)
Then (3.2) implies a ≥ 0. If a =∞ then (5.1) holds. Hence we can assume
a ∈ [0,∞). (5.7)
It follows from (5.6) and (5.7) that (5.2) holds and it remains only to prove (5.3) and (5.4). To do
this we first prove
f(x, t) ≥ (N0(t− a)α)
λ
1−λ a.e. in Rn × (a,∞) (5.8)
for some positive constant N0 = N0(n, λ, α). Let T > 0 and x0 ∈ Rn be fixed. To prove (5.8) it
suffices to prove
f(x, t) ≥ (N0(t− a)α)
λ
1−λ for (x, t) ∈ Ω(x0, a, T ), (5.9)
and some positive constant N0 = N0(n, λ, α) where
Ω(x0, t0, T ) := {(x, t) ∈ Rn ×R : |x− x0|2 < (t− t0) < T}
because
R
n × (a,∞) =
⋃
x0∈Rn
T>0
Ω(x0, a, T ).
Let
t0 ∈ (a, T + a) (5.10)
be fixed. Then to prove (5.9), and hence (5.8), it suffices to prove
f(x, t) ≥ (N0(t− t0)α)
λ
1−λ for (x, t) ∈ Ω(x0, t0, T ) (5.11)
and some positive constant N0 = N0(n, λ, α) because then sending t0 to a in (5.11) we get (5.9).
Define
g : Rn × R→ [0,∞)
by
g(x, t) = f(x+ x0, t+ t0). (5.12)
Then f satsifies (5.11), and hence (5.8), if and only if g satsifies
g(x, t) ≥ (N0tα)
λ
1−λ for (x, t) ∈ Ω(0, 0, T ). (5.13)
It follows from (5.6) and (5.10) that Jαf is bounded below by a positive constant on bounded
subsets of Rn × (t0,∞), in particular on Ω(x0, t0, T ). Hence by (3.1) and (5.12) we see that g is
bounded below by a positive constant on Ω(0, 0, T ). Thus there exists a constant b0 > 0 such that
g(x, t) ≥ (b0Tα)
λ
1−λ ≥ (b0tα)
λ
1−λ for (x, t) ∈ Ω(0, 0, T ). (5.14)
(Note however that b0 may depend not only on n, λ, and α but also on x0, t0, and T .)
Also for (x, t) ∈ Rn × R we find from (5.12) and (3.1) that
g(x, t)1/λ = f(x+ x0, t+ t0)
1/λ ≥ (Jαf)(x+ x0, t+ t0)
=
∫ t+t0
−∞
∫
Rn
Φα(x+ x0 − ξ, t+ t0 − τ)f(ξ, τ) dξ dτ
=
∫ t
−∞
∫
Rn
Φα(x− ξ¯, t− τ¯)f(ξ¯ + x0, τ¯ + t0) dξ¯ dτ¯
= Jαg(x, t).
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Thus
g ≥ (Jαg)λ in Rn × R. (5.15)
Let β := λα1−λ . Then for (x, t) ∈ Ω(0, 0, T ) we obtain from (5.15), (5.14), and Lemma 4.5 that
g(x, t)1/λ ≥ Jαg(x, t) ≥ bβ/α0
∫∫
Ω(0,0,T )
Φα(x− ξ, t− τ)τβ dξ dτ
≥ bβ/α0
∫ 3t/4
t/4
(t− τ)α−1
Γ(α)
τβ
(∫
|ξ|<√τ
Φ1(x− ξ, t− τ)dξ
)
dτ
≥ bβ/α0 C(n)
∫ 3t/4
t/4
(t− τ)α−1
Γ(α)
τβdτ
= b
β/α
0
C(n)
Γ(α)
(∫ 3/4
1/4
(1− s)α−1sβds
)
tα+β=
α
1−λ .
Thus letting
N0 = N0(n, λ, α) =
C(n)
Γ(α)
∫ 3/4
1/4
(1− s)α−1s λα1−λ ds
and b1 = b
λ
0N
1−λ
0 we have
g(x, t) ≥ (b1tα)
λ
1−λ for (x, t) ∈ Ω(0, 0, t) (5.16)
where
b1
N0
=
(
b0
N0
)λ
.
Iterating the method we used to derive (5.16) from (5.14) we inductively obtain a sequence
{bj}∞j=0 ⊂ (0,∞) such that for j = 1, 2, ... we have
bj
N0
=
(
bj−1
N0
)λ
(5.17)
and
g(x, t) ≥ (bjtα)
λ
1−λ for (x, t) ∈ Ω(0, 0, T ). (5.18)
Since λ ∈ (0, 1) it follows from (5.17) that
lim
j→∞
bj
N0
= 1.
Consequently, sending j to ∞ in (5.18) we obtain (5.13) and hence also (5.8).
Using (3.1), (5.2), (5.8), and (5.5) and making the change of variables t¯ = t− a, τ¯ = τ − a we
obtain for (x, t) ∈ Rn × (a,∞) that
f(x, t)1/λ ≥ Jαf(x, t)
≥ N
λ
1−λ
0
∫ t
a
(t− τ)α−1
Γ(α)
(τ − a) λα1−λ dτ
= N
λ
1−λ
0
∫ t¯
0
(t¯− τ¯)α−1
Γ(α)
τ¯
λα
1−λ dτ¯
= N
λ
1−λ
0 Mt¯
α
1−λ = (Nλ0M
1−λ(t− a)α) 11−λ .
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Thus for (x, t) ∈ Rn × (a,∞) we have
f(x, t) ≥ (Jαf(x, t))λ ≥ (N1(t− a)α)
λ
1−λ (5.19)
where
N1
M
=
(
N0
M
)λ
.
Iterating the method we used to derive (5.19) from (5.8) we inductively obtain a sequence
{Nj}∞j=0 ⊂ (0,∞) such that for j = 1, 2, ... we have
Nj
M
=
(
Nj−1
M
)λ
(5.20)
and
f(x, t) ≥ (Jαf(x, t))λ ≥ (Nj(t− a)α)
λ
1−λ for (x, t) ∈ Rn × (a,∞). (5.21)
Since λ ∈ (0, 1) it follows from (5.20) that
lim
j→∞
Nj
M
= 1.
Consequently, sending j to ∞ in (5.21) we obtain (5.3) and (5.4).
Theorem 5.2. Suppose α, T ∈ (0,∞) and p ∈ [1,∞]. Then there exists a = a(α) > 0 such that a
solution
f ∈ C∞(Rn × [0,∞)) ∩Xp
of the super Jα problem
f ≥ Jαf in Rn × R
f = 0 in Rn × (−∞, 0)
is
f(x, t) = ea(t+T )Φ1(x, t+ T )χ[0,∞)(t). (5.22)
Proof. For all a > 0 the function f given by (5.22) is in C∞(Rn× [0,∞)). Thus, to prove Theorem
5.2, it suffices by Lemma 4.2, to show there exists a = a(α) > 0 such that the function g : Rn×R→
[0,∞) defined by
g(x, t) = eatΦ1(x, t) (5.23)
satisfies (4.3) and
g ≥ Jαg in Rn × R. (5.24)
By Remark 4.1, g satisfies (4.3) for all a > 0. Hence it remains only to show there exists
a = a(α) > 0 such that g satisfies (5.24)
The inequality (5.24) holds in Rn × (−∞, 0] because g = 0 there. On the other hand, for
(x, t) ∈ Rn × (0,∞), it follows from (5.23) and Lemma 4.1 that
Jαg(x, t) =
∫ t
0
(∫
Rn
Φα(x− ξ, t− τ)Φ1(ξ, τ)dξ
)
eaτdτ
= Φ1(x, t)
∫ t
0
(t− τ)α−1
Γ(α)
eaτdτ. (5.25)
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However, for t, a > 0 we have
e−at
∫ t
0
(t− τ)α−1eaτdτ ≤
∫ t
−∞
(t− τ)α−1e−a(t−τ)dτ
=
1
aα
∫ ∞
0
ζα−1e−ζdζ → 0 as a→∞.
It follows therefore from (5.25) and (5.23) that there exists a = a(α) > 0 such that g satisfies (5.24)
in Rn × (0,∞).
Theorem 5.3. Suppose
f ∈ Xp (5.26)
is a nonnegative solution of the super Jα problem (3.1), (3.2) where p ∈ [1,∞) and
(λ, α) ∈ C (5.27)
where C is the region defined in Section 2 and graphed in Figure 1. Then
f = Jαf = 0 a.e. in R
n × R. (5.28)
Proof. By (3.1) and (3.2), f satisfies (5.28) a.e. in Rn × (−∞, 0]. Hence it suffices to prove
f = Jαf = 0 a.e. in R
n × (0,∞). (5.29)
Let u = Jmf where m is the positive integer satisfying α ≤ m < α+ 1. By Lemma 4.4, u satisfies
(2.3) and (2.4) and
Hmu(x, t) = f(x, t) ≥ (Jαf(x, t))λ
=
(∫ t
0
∫
Rn
(t− τ)(α−m)+(m−1)
Γ(α)
Φ1(x− ξ, t− τ)f(ξ, τ) dξ dτ
)λ
≥
(
Γ(m)
Γ(α)
(t+ 1)α−mJmf(x, t)
)λ
=
(
Γ(m)
Γ(α)
(t+ 1)α−mu(x, t)
)λ
.
Hence (5.29) follows from (5.27) and Lemma 2.1.
Theorem 5.4. Suppose
λ > 1, 0 < α <
n+ 2
2
(
1− 1
λ
)
, p ∈ [1,∞) and T > 0. (5.30)
Then
β :=
n+ 2
2
− λα
λ− 1 =
n+ 2
2
− α
1− 1λ
> 0 (5.31)
and a solution
f ∈ C∞(Rn × [0,∞)) ∩Xp
of the super Jα problem (3.1), (3.2) is
f(x, t) = AΦβ(x, t+ T )χ[0,∞)(t) (5.32)
where
A = A(n, λ, α) =
(
(4pi)(λ−1)n/2Γ(α+ β)λ
Γ(β)
) 1
λ−1
. (5.33)
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Proof. Inequality (5.31) follows from (5.30) and f given by (5.32) is clearly in C∞(Rn × [0,∞)).
Thus, to prove Theorem 5.4, it suffices by Lemma 4.2 to show that the function g : Rn×R→ [0,∞)
defined by
g(x, t) = AΦβ(x, t)
satisfies (4.3) and (4.4).
By Remark 4.1, g satisfies (4.3). Hence it remains only to show g satsfies (4.4). The inequality
(4.4) holds in Rn × (−∞, 0] because g = 0 there. On the other hand, for (x, t) ∈ Rn × (0,∞), it
follows from (5.31) and Lemma 4.1 that
Jαg(x, t) = A
∫ t
0
(∫
Rn
Φα(x− ξ, t− τ)Φβ(ξ, τ)dξ
)
dτ
= AΦ1(x, t)
∫ t
0
(t− τ)α−1τβ−1
Γ(α)Γ(β)
dτ
= AΦ1(x, t)
tα+β−1
Γ(α + β)
= AΦα+β(x, t)
and thus
(Jαg(x, t))
λ
g(x, t)
= Aλ−1
Γ(β)tλα+(λ−1)(β−
n+2
2
)e(1−λ)|x|2/(4t)
(4pi)(λ−1)n/2Γ(α+ β)λ
≤ Aλ−1 Γ(β)
(4pi)(λ−1)n/2Γ(α+ β)λ
= 1
by (5.30), (5.31), and (5.33). The proof of Theorem 5.4 is now complete.
Since any solution of the approximate Jα problem is, after scaling, also a solution of the super
and sub Jα problems, it follows from Theorems 3.1 and 3.3 that if λ, α, and p satisfy the conditions
in Theorem 3.2 and (λ, α) ∈ A ∪ B ∪ C ∪ D then there do not exist positive constants C1 and
C2 such that the approximate Jα problem has a nontrivial nonnegative solution f ∈ Xp. Hence
Theorem 3.2 follows from the following theorem.
Theorem 5.5. Suppose the constants λ and α satisfy
λ > 1 and 0 < α <
n+ 2
2
(
1− 1
λ
)
. (5.34)
Define f : Rn × R→ [0,∞) by
f(x, t) =
{
t−
αλ
λ−1w(x/
√
t) for (x, t) ∈ Rn × (0,∞)
0 for (x, t) ∈ Rn × (−∞, 0] (5.35)
where
w(z) = e−
λ|z|2
4 (|z|2 + 1)−λ(n+22 − αλλ−1) for z ∈ Rn. (5.36)
Then
f ∈ C∞(Rn × R\{(0, 0)}) ∩X1 (5.37)
and f is a solution of the approximate Jα problem (3.3), (3.4) for some positive constants C1 and
C2 depending only on n, λ, and α.
Moreover if p ∈ [1,∞) then f ∈ Xp if and only if
α <
n+ 2
2p
(
1− 1
λ
)
. (5.38)
19
Proof. We first prove the last sentence of the theorem. Let p ∈ [1,∞). then for all t > 0 we find
under the change of variables x =
√
τz that∫∫
Rn×(−∞,t)
f(x, τ)pdxdτ =
∫ t
0
τ−
αλp
λ−1
(∫
Rn
w
(
x√
τ
)p
dx
)
dτ
=
∫ t
0
τ
n
2
− αλp
λ−1
(∫
Rn
w(z)pdz
)
dτ.
Hence, since
∫
Rn
w(z)pdz <∞, we see that f ∈ Xp if and only if
n
2
− αλp
λ− 1 > −1
which is equivalent to (5.38).
It follows from (5.34) and the last sentence of the theorem that f ∈ X1. One easily checks that
f ∈ C∞(Rn × R\{(0, 0)}). Hence f satisfies (5.37).
We now complete the proof of the theorem by proving that f satisfies the inequalities (3.3). Let
(x, t) ∈ Rn × (0,∞) and let x¯ = x/√t. Then
f(x, t) = t−
αλ
λ−1w(x¯) (5.39)
and under the variables τ = tτ¯ and ξ =
√
tξ¯ we get
Φα(x− ξ, t− τ) = tα−1−n/2Φα(x¯− ξ¯, 1− τ¯).
Thus
Jαf(x, t) =
∫ t
0
∫
Rn
Φα(x− ξ, t− τ)τ−
αλ
λ−1w(ξ/
√
τ) dξ dτ
= tα−
αλ
λ−1
∫ 1
0
∫
Rn
Φα(x¯− ξ¯, 1− τ¯)τ¯−
αλ
λ−1w(ξ¯/
√
τ¯) dξ¯ dτ¯
= t−
α
λ−1Jαf(x¯, 1).
Hence letting
I(x) = Γ(α)(4pi)n/2Jαf(x, 1) (5.40)
we obtain from (5.39) that
Jαf(x, t)
f(x, t)1/λ
=
Jαf(x¯, 1)
w(x¯)1/λ
=
I(x¯)
Γ(α)(4pi)n/2w(x¯)1/λ
for (x, t) ∈ Rn × (0,∞). Thus, since (3.3) clearly holds in Rn × (−∞, 0], in order to prove (3.3) it
suffices to prove
0 < C1 ≤ I(x)
w(x)1/λ
≤ C2 for x ∈ Rn (5.41)
where C1 and C2 depend only on n, λ, and α and from (5.40)
I(x) =
∫ 1
0
(1− τ)α−1−n/2τ− αλλ−1
∫
Rn
e
− |x−ξ|2
4(1−τ)w(ξ/
√
τ) dξ dτ. (5.42)
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To do this we will need the identity
(ga ∗ gb)(x) =
(
piab
a+ b
)n/2
ga+b(x) for x ∈ Rn and a, b > 0, (5.43)
where ga : R
n → (0,∞) is defined by
ga(x) = e
−|x|2/a.
This identity can be proved in a straightforward way using the convolution theorem for the Fourier
transform and the well-known transform
gˆa(y) = (pia)
n/2e−
a|y|2
4
to show that the left and right sides of (5.43) have the same Fourier transform.
We first prove the upper bound in (5.41). Since (5.34) implies
δ :=
n+ 2
2
− αλ
λ− 1 > 0 (5.44)
it follows from (5.36) that
w(z) ≤ e−λ|z|
2
4 for z ∈ Rn.
Hence for x ∈ Rn we obtain from (5.42) that
I(x) ≤
∫ 1
0
(1− τ)α−1−n/2τ− αλλ−1hτ (x)dτ
where
hτ (x) =
∫
Rn
e
− |x−ξ|2
4(1−τ) e−
λ|ξ|2
4τ dξ.
Defining
σ := 1− 1/λ ∈ (0, 1) (5.45)
by (5.34) and using (5.43) we find that
hτ (x) =
(
4pi(1− τ)τ
λ(1− στ)
)n/2
e
− |x|2
4(1−στ)
≤ (4pi(1 − τ)τ)n/2e−
|x|2
4(1−στ) for 0 < τ < 1 and x ∈ Rn.
Thus
I(x) ≤ C
∫ 1
0
(1− τ)α−1τ δ−1e−
|x|2
4(1−στ)dτ, (5.46)
where δ is defined in (5.44).
Case I. Suppose |x| ≤ 1. Then by (5.46), (5.45), (5.44), and (5.36),
I(x) ≤ C
∫ 1
0
(1− τ)α−1τ δ−1dτ = C ≤ Cw(x)1/λ.
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That is the upper bound in (5.41) holds.
Case II. Suppose |x| > 1. Then by (5.46), (5.45), and (5.44) we have
e|x|
2/4I(x) ≤ C
∫ 1
0
(1− τ)α−1τ δ−1e−( 11−στ−1) |x|
2
4 dτ
≤ C
∫ 1
0
(1− τ)α−1τ δ−1e−bτdτ where b := σ|x|
2
4
>
σ
4
> 0
≤ C
∫ b
0
(
1− s
b
)α−1 (s
b
)δ−1
e−s
1
b
ds where s = bτ
= Cb−(α+δ−1)(I1(b) + I2(b))
where
I1(b) : =
∫ b/2
0
(b− s)α−1sδ−1e−sds
≤ Cbα−1
∫ b/2
0
sδ−1e−sds ≤ Cbα−1
and
I2(b) : =
∫ b
b/2
(b− s)α−1sδ−1e−sds
≤ e−b/2
∫ b
0
(b− s)α−1sδ−1ds
= e−b/2bα+δ−1
∫ 1
0
(1− τ)α−1τ δ−1dτ where s = bτ
= C(e−b/2bδ)bα−1 ≤ Cbα−1.
Hence from (5.44) we obtain
e|x|
2/4I(x) ≤ Cb−δ = C(|x|2)−(n+22 − αλλ−1).
Thus the upper bound in (5.41) holds when |x| > 1.
To complete the proof of the theorem we now prove the lower bound in (5.41). Since w is a
positive continuous function on Rn we find from (5.42) and for x ∈ Rn that
I(x) ≥ C
∫ 1
0
(1− τ)α−1−n/2τ− αλλ−1
∫
|ξ|<√τ
e
− |x−ξ|2
4(1−τ) dξ dτ (5.47)
and thus from (5.44) and for |x| ≤ 2 we have
I(x) ≥ C
∫ 1
0
(1− τ)α−1−n/2τ δ−1e− 94(1−τ)dτ
= C ≥ Cw(x)1/λ.
Hence it remains only to prove the lower bound in (5.41) when
|x| > 2. (5.48)
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Since for x ∈ Rn and τ > 0, the expression
|B|x|(x) ∩B√τ (0)|
|B√τ (0)|
=: V
( |x|√
τ
)
is an increasing function of |x|√
τ
we have
V
( |x|√
τ
)
≥ V (1) = |B1(e) ∩B1(0)||B1(0)| > 0 for 0 <
√
τ < |x|
where e := (1, 0, ...0) ∈ Rn. It follows therefore from (5.47) and (5.48) that
I(x) ≥ C
∫ 1
0
(1− τ)α−1−n/2τ− αλλ−1
∫
ξ∈B|x|(x)∩B√τ (0)
e
− |x|2
4(1−τ) dξ dτ
≥ C
∫ 1
0
(1− τ)−µτ δ−1e− a1−τ dτ (5.49)
where δ is defined in (5.44),
µ :=
n+ 2
2
− α, and a := |x|
2
4
> 1 (5.50)
by (5.48)
Next making the change of variables s+ a = a/(1− τ) in (5.49) and using (5.50) we obtain
I(x) ≥ C
∫ ∞
0
(
a
s+ a
)−µ( s
s+ a
)δ−1
e−(s+a)
a
(s + a)2
ds
= Ca1−µe−a
∫ ∞
0
(s+ a)µ−δ−1sδ−1e−sds
= Ca−δe−a
∫ ∞
0
(
1 +
s
a
)µ−δ−1
sδ−1e−sds
≥ Ce− |x|
2
4 (|x|2)−(n+22 − αλλ−1)
≥ Cw(x)1/λ
because
1 < 1 +
s
a
< 1 + s for s > 0
by (5.50). Thus the lower bound in (5.41) holds when |x| > 2.
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